A tutorial of the theory of the electrical double layer for unsymmetrical electrolyte is given. The GCS (GouyChapman-Stern) [1, 2, 3] 
GCS theory of Electric Double Layer: Unsymmetric electrolytes
In the previous tutorial (TU1) the basics of the eletric-double-layer was reviewd [6] . In the present tutorial the electric-double-layer of unsymmetrical electrolyte is given and we will show that the formulation by Grahame [4] and Smagala and Fawcett [7] may be not correct in some equations. Our formulation may be justified by comparing the results obtained by the analytical solution in the present study with the numerical solutions by solving the PB equation directly. We will also show GCS theory does not work in the case of the multi-valent electrolytes by our MC simulation. The MC simulation reproduces the Torrie-Valleau results [5] which showed that the potential inversion region is appeared.
When the valence of the ion is given by Z, for example, in the case of the unsymmetrical electrolytes such as MgCl 2 , Z(cation) = +2, and Z(anion) = -1, and Na 2 SO 4 , Z(cation) = +1, and Z(anion) = -2. If we define the electrolyte by the valence, we will call MgCl 2 is 2:1 electrolyte and Na 2 SO 4 1:2 electrolyte 
The subscript + and -means cation and anion, respectively. N A is the Avogadro number and c * /mol dm −3 is the molar concentration of 2:1 electrolyte solution. We use the exact solution of PB equation Eq.(40) in TU1 [6] . If we define that potential at the distance z from the electrode is φ(z), k B is the Boltzmann constant, T is the temperature, � GC and � 0 are the dielectric constant of the GC diffuse layer and the electric permittivity of free space, we have
We will follow Grahame's formulation [4] and y is defined as
A
The separation of variables can be integrated as
Here we use, (e −y − 1)
Here we use
Now we integral from z = z OHP to z = z, i.e., y = y OHP to y = y(z). OHP means Outer Helmholtz Plane where the electrolyte ions cannot enter inside OHP and the diffuse layer of double layer extend from OHP to bulk. Please note
The potential profile in diffuse layer can be basically determined by Eq.(19). The potential φ OHP is determined from the charge density σ GC Eq.(69) in TU1 [6] and Eq.(5).
Case I : when y OHP > 0
Case II : when y OHP < 0
The Eq.(23) and Eq.(25) are the cubic equations and can be solved analytically 2 , but we prefer to use a numerical solution. In Fig.2 the plot of Fig.2 right) are shown and we found that the solution that cross the zero line is unique for Y, X ≥ 1. If there is no specific adsorption σ IHP = 0, σ GC = −σ M , Then we cat determine the φ OHP from the given σ M .
From the plot of e −2y + 2e y − 3 as shown in Fig.3 , there are two solutions for y which has positive and negative value. From the physical origin, we will take y OHP < 0 for σ GC < 0 and y OHP > 0 for σ GC > 0. Please note that
The right hand side of Eq.(19) is defned as P (z), then 
Case (B) : for
In Fig 
Concentration: the separation of cation and anion density profile from the charge density ρ(z) is
1.1.1 Results: 2:1 electrolytes
In Fig.5 the calculation results by analytical solution(solid line) and numerical solution (dotted line) for the 0.5 M 2:1 electrolyte solution on the positively and negatively electrified electrode are shown. It has been found that these are completely the same, then our reformulation may be justified. The potential profile is not symmetric about the sign of the surface charge density of the electrode, i.e. the absolute value of potential for the positively electrified electrode is greater than that for the negatively electrified one. The physical origin can be understood from Fig.6 . In Fig.6 the concentration profiles of divalent cation (solid line) and the monovalent anion (dashed line) are shown. The effective thickness of the double layer for the positively electrified electrode (Fig.6 right, monovalent anion distribution) is longer than that for the negatively electrified electrode (Fig.6 left, divalent cation), because the cations with +2e charge have high screening ability. Then the magnitude of the potential for the negatively electrified is greater than that for positively charged electrode.
In the last part of this tutorial we will show that the GCS model is not good approximation to describe the electric-double-layer for multivalent electrolyte solution. The exact solution of PB equation Eq.(40) in TU1 [6] gives
Now we integral from z = z OHP to z = z, y = y OHP to y = y(z).
The potential profile in diffuse layer can be determined by Eq.(47). The potential φ OHP is determined from the charge density σ GC and Eq.(41).
The Eq.(50) and Eq.(52) are the cubic equations and can be solved analytically, but we prefer to use a numerical solution. In Fig.2 the plot of Fig.2 right) , 2X 3 − (3 + B 2 )X 2 + 1 (Fig.2 left) are shown and we found that the solution that cross the zero line is unique for Y, X ≥ 1.
If there is no specific adsorption σ IHP = 0, σ GC = −σ M , Then we cat determine the φ OHP from the given σ M . From the plot of e 2y + 2e −y − 3 as shown in Fig.7 , there are two solutions for y which has positive and negative value. From the physical origin, we will take y OHP < 0 for σ GC < 0 and y OHP > 0 for σ GC > 0. Please note that y = eφ(z)/(k B T ). 
Case (A) : for
Analytical solution: When there is no specific adsorption, the φ OHP is obtained by Eq.(50) and Eq.(52). From this value the potential at the metal electrode φ M can be determined using the potential slope at the inner layer 
1.2.1 Results: 1:2 electrolytes
In Fig.8 the calculation results by analytical solution(solid line) and numerical solution (dotted line) for the 0.5 M 1:2 electrolyte solution on the positively and negatively electrified electrode are shown. Again these calculation results are completely the same, then our reformulation may be justified. If the sign of the charge of electrode, counter-ion and co-ion of 1:2 electrolytes are carried out inversion, the potential profile and concentration profiles (Fig.9) are the same as those for 2:1 electrolyte solutions. 2 Monte Carlo simulation of 2:1, 1:2, 2:2 electrolytes
By the use of Monte Carlo simulation based on primitive model (ions: hard sphere + point charge, solvent: dielectric medium without structure), Torrie and Valleau showed the potential-inversion region for the potential profile of the double-layer for 1:2, 2:1, 2:2 electrolyte solution [5] . This potential inversion cannot reproduced by the GCS (or Poisson-Boltzmann) model. This may be due to the correlation between the electrolyte ions and that between the electrode an ions should be considered. The detail of our MC simulation will be reported elsewhere, then we describe the method briefly. The canonical Monte Carlo simulation has been done with the primitive model. The diameter of the hard sphere for cation and anion is 4.25Å, then OHP is located at 2.15Å from the electrode. The surface charge of the electrode is not uniformly distributed but the elementary charge ±e is located in a regular array on ( √ 3 × √ 3)-R30˚mesh points of the terminal dissociated group of self-assembled monolayer(SAM) of thiol on Au(111) is simulated. The size of the two-dimensionally periodic unit cell is 20 × 17.3 × 66.6Å used. The dielectric constant of the structureless electrolyte solution is 78.5 and the temperature of the system is 300 K. The charge neutrality condition is kept for the surface charge and those of electrolyte in the unit cell. To consider the long-range electrostatic interaction in 2D unit cell accurately Lekner method [8] is used.
In Fig. 10 the potential profiles of the double-layer for 0.5 M 2:1 electrolyte solution is shown. The solid line is obtained by the averaged potential over the plane parallel to the electrode and broken line is from the 1D GCS theory. At z = 15.6Å( = SAM thickness) from the electrode the regular array of the dissociated terminal is located and then OHP is at z = 17.725Å. The left side in Fig.10 is the hard-wall electrified and the right side is the neutral hard wall at z = 66.6Å. The potential profile is completely different from that of GCS results. The GCS results showed that the potential is increased monotonously, however in MC simulation the region where the potential is positive is appeared, even though the electrified electrode is negatively charged. In 1982 Torrie and Valleau reported MC simulation and modified PB equation showed this potential inversion region for 0.5 M 2:1 electrolytes and the peak value of the potential is +7.7 mV for -0.15 C m −2 electrified electrode [5] . In this sense our simulation can reproduce Torrie-Valleau results. The physical origin for the appearance of the potential inverted region could be understood from the concentration profiles of the electrolytes as shown in Fig.11 . The divalent cations and the negatively charged electrode interact strongly, and divalent cations are localized at the region very close to OHP. Total charge screened by those cations is more than that of surface charge, i.e. overcompensated, then there is a peak of anion distribution at z = OHP + daimeter of the hard-sphere. In Fig. 12 the potential profiles for the EDL of 0.5 M 2:1 electrolyte with positively charged interface is shown. Again MC simulation result differ significantly from GCS result. In this case the counter is monovalent anion and the EDL may be expected to be almost the same as GCS results. The potential has a small inverted region but the potential has minus few mV. These results may be due to the high correlation of ion interaction. The effective thickness is increased than that for negatively charged interface, then the potential at SAM terminal is ca. 100 mV, which is greater than that -60 mV for the negatively charged interface.
In Fig. 13 In Fig.14 the EDL for 0.5 M 2:2 symmetric electrolyte is shown. The GCS result differ significantly from the results obtained by MC simulation. As reported by Torrie-Valleau [5] even in symmetric electrolyte the inverted potential region can be found. From Fig.15 the coion (anion) distribution has a peak around z = hardwall + diameter of hard sphere. This show the overcompensation of divalent counter-ion (cation), which is found for multivalent unsymmetric electrolyte solutions as shown above.
We are now investigating that this kind of potential-inversion can induce a double layer effect of redox reaction on the electrode and have been found some evidence for it. 
